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The paper deals with the equality problem of quasi-arithmetic and Lagrangian means
which is to determine all pairs of continuous strictly monotone functions ϕ,ψ : I → R
such that, for all x, y ∈ I ,
ϕ−1
(
ϕ(x) + ϕ(y)
2
)
= ψ−1
(
1
y − x
y∫
x
ψ(t)dt
)
holds. The main result of the paper shows that there are 6 different cases of equality.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper I will stand for a nonempty open real interval and CM(I) will denote the class of real valued
continuous strictly monotone functions deﬁned on I .
Given ϕ ∈ CM(I), the two-variable quasi-arithmetic mean generated by ϕ is the function Mϕ : I2 → I deﬁned by
Mϕ(x, y) := ϕ−1
(
ϕ(x) + ϕ(y)
2
)
(x, y ∈ I).
The systematic treatment of these means was ﬁrst given by Hardy, Littlewood and Pólya [25]. The most basic problem, the
characterization of the equality of these means, is solved by the following theorem.
Theorem A. (See [25].) Let ϕ,ψ ∈ CM(I). Then the means Mϕ and Mψ are equal to each other if and only if there exist two real
constants a = 0 and b such that ψ = aϕ + b.
Since the ﬁrst systematic treatment of the theory of quasi-arithmetic means by Hardy, Littlewood and Pólya [25] there
have been numerous generalizations of these means.
Another class of means whose deﬁnition is related to the Lagrange mean value theorem was introduced by Berrone and
Moro [11,12]: Given ϕ ∈ CM(I), the two-variable Lagrangian mean generated by ϕ is the function Lϕ : I2 → I deﬁned by
Lϕ(x, y) :=
{
ϕ−1( 1y−x
∫ y
x ϕ(t)dt) if x = y
x if x = y
(x, y ∈ I).
The equality of these means is characterized by the following result.
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constants a = 0 and b such that ψ = aϕ + b.
Both classes of means have a rich literature, see, e.g., the monographs of Borwein and Borwein [13], Mitrinovic´, Pecˇaric´
and Fink [48,49], Niculescu and Persson [53] and the papers of Berrone [6,7,9], Głazowska and Matkowski [24], Matkowski
[45,46], Merikoski, Halmetoja and Tossavainen [47]. The characterization of quasi-arithmetic means was solved indepen-
dently by Kolmogorov [33], Nagumo [52], de Finetti [22] for the case when the number of variables is non-ﬁxed. For the
two-variable case, Aczél [1–4], proved a characterization theorem involving the notion of bisymmetry. This result was ex-
tended to the n-variable case by Maksa, Münnich and Mokken [50,51]. Another characterization is due to Matkowski [44].
Characterization theorems for more general classes of means were obtained by the author [54–56]. We also mention the pa-
pers of Aczél and Kuczma [5], Berrone [8], Berrone and Lombardi [10], Daróczy [14,15], Daróczy and Losonczi [16], Daróczy,
Maksa and Páles [17], Daróczy and Páles [18–21], Fechner [23], Jarczyk [26,28–30], Jarczyk and Matkowski [31,32], Losonczi
[34–39], Losonczi and Páles [40,41], Maksa and Páles [42], Makó and Páles [43], where equality and comparison problems
of means more general than quasi-arithmetic ones are investigated and solved.
In this paper, we consider the equality problem of quasi-arithmetic and Lagrangian means which is to determine all pairs
of continuous strictly monotone functions ϕ,ψ : I → R such that the means Mϕ and Lψ are identical over the interval I ,
i.e.,
ϕ−1
(
ϕ(x) + ϕ(y)
2
)
= ψ−1
(
1
y − x
y∫
x
ψ(t)dt
)
(x, y ∈ I, x = y). (1)
The ﬁrst result on this equality problem is due to J. Jarczyk [27], who proved, assuming that either ψ and ψ ◦ϕ−1 are convex
or they are concave, that equality can hold only if the two means are identical to the arithmetic mean. When omitting the
convexity/concavity condition the class of solutions of this problem becomes much larger as is shown by our main result
in Theorem 5 below. The proof of this result is carried out in several steps. First, using Lebesgue’s theorem on the almost
everywhere differentiability of monotonic functions, we show that (1) implies the inﬁnitely many times differentiability of
ϕ and ψ . Then, we deduce that (ϕ′)−2 is a polynomial of at most second degree. Finally, depending on the degree of this
polynomial and the number of real zeros, we determine all the solutions of (1).
2. Main results
In the sequel, let ϕ,ψ ∈ CM(I). We shall denote by Ψ an arbitrary ﬁxed primitive function of ψ , i.e., a differentiable
function Ψ : I → R such that Ψ ′ = ψ . Due to the continuity and the strict monotonicity of ψ , we have that Ψ is continuously
differentiable and it is either strictly convex or strictly concave. Thus we have the following lemma.
Lemma 1. Assume that ψ is strictly increasing. Then its primitive function Ψ possesses the following properties:
(i) For ﬁxed x ∈ I , the function x : I \ {x} → R deﬁned by
x(y) := Ψ (y) − Ψ (x)
y − x
(
y ∈ I \ {x})
is continuously differentiable with ′x > 0 and x(y) ∈ ψ(I) for all y ∈ I \ {x}. Furthermore, for all u ∈ ψ(I), there exist elements
x = y in I such that x(y) = u.
(ii) For ﬁxed x ∈ I ,
Ψ (y) > Ψ ′(x)(y − x) + Ψ (x) (y ∈ I \ {x}).
In our ﬁrst result, using Lebesgue’s celebrated theorem on the almost everywhere differentiability of monotonic func-
tions, we show that Eq. (1) yields that the unknown functions ϕ,ψ ∈ CM(I) and also their derivatives are everywhere
differentiable on their domain.
Theorem 2. Assume that Mϕ = Lψ , i.e., (1) is satisﬁed. Then the functions ϕ,ψ are differentiable and ϕ′ψ ′ = 0 on I .
Proof. To show that ϕ is differentiable everywhere, let y0 ∈ I be ﬁxed arbitrarily. By Lebesgue’s theorem, the strictly mono-
tone function ϕ ◦ ψ−1 : ψ(I) → R is almost everywhere differentiable. Thus one can ﬁnd an element x0 = y0 in I such that
ϕ ◦ ψ−1 is differentiable at the point x0 (y0) = y0 (x0) (where  is the function introduced in Lemma 1). Then, by the
standard chain rule, the composite function ϕ ◦ ψ−1 ◦ x0 is differentiable at y0.
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ϕ(y) = 2ϕ ◦ ψ−1
(
Ψ (y) − Ψ (x0)
y − x0
)
− ϕ(x0) = 2ϕ ◦ ψ−1 ◦ x0(y) − ϕ(x0)
(
y ∈ I \ {x0}
)
. (2)
This equality shows that ϕ is differentiable at y0.
In the next step we show that ϕ ◦ψ−1 is differentiable on ψ(I). Let u0 ∈ ψ(I) be arbitrary and choose x0 = y0 in I such
that x0 (y0) = u0. Using (1), it follows that
ϕ ◦ ψ−1(u) = ϕ(x0) + ϕ ◦ 
−1
x0 (u)
2
for u ∈ U , where U is a neighborhood of u0. Applying the differentiability of ϕ at −1x0 (u0) = y0, it follows that the right-
hand side of the above equality is differentiable with respect to u at the point u0. Hence, ϕ ◦ ψ−1 is also differentiable
at u0.
We now prove the differentiability of ψ ◦ϕ−1. For, let v0 ∈ ϕ(I) be ﬁxed arbitrarily. In view of Lebesgue’s theorem again,
we can choose x0 ∈ I such that ϕ−1 is differentiable at 2v0 − ϕ(x0). Rewriting (1), we obtain
ψ ◦ ϕ−1(v) = Ψ (x0) − Ψ ◦ ϕ
−1(2v − ϕ(x0))
x0 − ϕ−1(2v − ϕ(x0)) (3)
for v ∈ V , where V is a neighborhood of v0. Then the right-hand side is differentiable with respect to v at v0 (by the
choice of x0). Thus, ψ ◦ ϕ−1 is differentiable at v0, too.
Using the differentiability of ψ ◦ ϕ−1 and ϕ , we also have the differentiability of ψ .
To complete the proof, we have to show that ϕ′ and ψ ′ do not vanish. Observe that the functions ϕ ◦ ψ−1 and ψ ◦ ϕ−1
are inverses of each other, therefore, their differentiability results that their derivatives do not vanish anywhere. Now, by (2)
and the chain rule, we have that
ϕ′(y) = 2(ϕ ◦ ψ−1)′ ◦ x0(y) · ′x0(y) (y ∈ I \ {x0}).
Whence it follows that ϕ′(y) cannot be zero for y ∈ I . Thus ψ ′ = (ψ ◦ϕ−1)′ ◦ϕ ·ϕ′ is also nonvanishing on the interval I . 
In the second step we deduce a necessary and suﬃcient condition for the equality (1) that does not involve the inverses
of the unknown functions ϕ and ψ .
Theorem 3. Assume that Mϕ = Lψ holds. Then ϕ , ψ are inﬁnitely many times differentiable functions and
ϕ′(x)
(
Ψ ′(y)(y − x) − Ψ (y) + Ψ (x))= ϕ′(y)(Ψ ′(x)(x− y) − Ψ (x) + Ψ (y)) (x, y ∈ I). (4)
Proof. In view of the differentiability of ϕ : I → R and that ϕ′ does not vanish anywhere, the mean Mϕ is partially differ-
entiable with respect to its ﬁrst and second variable and we have
∂1Mϕ(x, y) = ϕ
′(x)
2ϕ′(Mϕ(x, y))
, ∂2Mϕ(x, y) = ϕ
′(y)
2ϕ′(Mϕ(x, y))
(x, y ∈ I). (5)
On the other hand, for x = y in I , we obtain
Lψ(x, y) = ψ−1
(
1
y − x
y∫
x
ψ(t)dt
)
= ψ−1
(
Ψ (y) − Ψ (x)
y − x
)
,
hence, by the differentiability of ψ and ψ ′ = 0, the mean Lψ is also partially differentiable and, for all x = y in I , we have
∂1Lψ(x, y) = Ψ
′(x)(x− y) − Ψ (x) + Ψ (y)
(x− y)2ψ ′(Lψ(x, y)) , ∂2Lψ(x, y) =
Ψ ′(y)(y − x) − Ψ (y) + Ψ (x)
(x− y)2ψ ′(Lψ(x, y)) . (6)
The equality of the means Mϕ and Lψ results
∂1Mϕ(x, y) · ∂2Lψ(x, y) = ∂1Lψ(x, y) · ∂2Mϕ(x, y) (x, y ∈ I, x = y). (7)
Using formulae (5) and (6), Eq. (7) obviously simpliﬁes to (4) for x = y in I . In the case x = y, (4) automatically holds.
Now we prove that ϕ and ψ are inﬁnitely many times differentiable. Assume that, for some n ∈ N, we have proved that
ϕ and ψ are already n-times differentiable.
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Ψ ′(x)(x− y) − Ψ (x) + Ψ (y) = 0 and Ψ ′(y)(y − x) − Ψ (y) + Ψ (x) = 0.
Thus, (4) can be rewritten as
ϕ′(x) = ϕ′(y) Ψ
′(x)(x− y) − Ψ (x) + Ψ (y)
Ψ ′(y)(y − x) − Ψ (y) + Ψ (x) (x, y ∈ I, x = y). (8)
For ﬁxed y ∈ I , the right-hand side of (8) is an n-times differentiable function of x on I \{y} since ψ is n-times differentiable,
hence ϕ′ is also n-times differentiable on I \ {y}. Thus, by the arbitrariness of the point y, the function ϕ is (n + 1)-times
differentiable on I .
On the other hand, with the substitution v = ϕ(y) we can rewrite (3) as
ψ(y) = Ψ (x0) − Ψ ◦ ϕ
−1(2ϕ(y) − ϕ(x0))
x0 − ϕ−1(2ϕ(y) − ϕ(x0)) .
This formula shows that the (n + 1)-times differentiability of ϕ and the n-times differentiability of ψ yields that ψ is in
fact (n + 1)-times differentiable.
Repeating this argument, it follows that ϕ and ψ are inﬁnitely many times differentiable. 
Theorem 4. Assume that Mϕ = Lψ holds on I . Then the function (ϕ′)−2 is a positive polynomial of at most second degree and there
exists a constant δ = 0 such that
ψ ′ = δϕ′3. (9)
Proof. First we show that, for all n 3,
n−1∑
k=2
(
n
k
)
ϕ(n−k+1)
ϕ′
· ψ
(k−1)
ψ ′
= (n − 2)ψ
(n−1)
ψ ′
. (10)
Differentiating (4) n-times with respect to the variable x by applying Leibniz’s rule, we obtain(
n
0
)
ϕ(n+1)(x)
(
Ψ ′(y)(y − x) − Ψ (y) + Ψ (x))+(n
1
)
ϕ(n)(x)
(−Ψ ′(y) + Ψ ′(x))+ n∑
k=2
(
n
k
)
ϕ(n−k+1)(x)Ψ (k)(x)
= ϕ′(y)
((
n
0
)
Ψ (n+1)(x)(x− y) +
(
n
1
)
Ψ (n)(x) − Ψ (n)(x)
)
.
Now substituting y := x and putting Ψ (k) = ψ(k−1) , we get
n∑
k=2
(
n
k
)
ϕ(n−k+1)(x)ψ(k−1)(x) = (n − 1)ϕ′(x)ψ(n−1)(x),
which is clearly equivalent to (10).
In the case n = 3, condition (10) reduces to
3
ϕ′′
ϕ′
= ψ
′′
ψ ′
. (11)
After integration this yields (9) for some constant δ = 0.
Deﬁne now the function Φ : I → R by Φ(x) = (ϕ′(x))−2 > 0. Then,∣∣ϕ′∣∣= Φ− 12 and ∣∣ψ ′∣∣= |δ|Φ− 32 . (12)
By an elementary (but lengthy) computation, it follows that
ϕ′′
ϕ′
= −1
2
Φ ′
Φ
,
ψ ′′
ψ ′
= −3
2
Φ ′
Φ
,
ϕ′′′
ϕ′
= −1
2
Φ ′′
Φ
+ 3
4
(
Φ ′
Φ
)2
,
ψ ′′′
ψ ′
= −3
2
Φ ′′
Φ
+ 15
4
(
Φ ′
Φ
)2
,
ϕ′′′′
ϕ′
= −1
2
Φ ′′′
Φ
+ 9
4
Φ ′′Φ ′
Φ2
− 15
8
(
Φ ′
Φ
)2
,
ψ ′′′′
ψ ′
= −3
2
Φ ′′′
Φ
+ 45
4
Φ ′′Φ ′
Φ2
− 105
8
(
Φ ′
Φ
)2
. (13)
On the other hand, in the particular case n = 5, condition (10) yields
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ϕ′′′′
ϕ′
+ 10ϕ
′′′
ϕ′
· ψ
′′
ψ ′
+ 5ϕ
′′
ϕ′
· ψ
′′′
ψ ′
= 3ψ
′′′′
ψ ′
. (14)
Applying (13), Eq. (14) can be rewritten as
10
(
−1
2
Φ ′′′
Φ
+ 9
4
Φ ′′Φ ′
Φ2
− 15
8
(
Φ ′
Φ
)2)
+ 10
(
−1
2
Φ ′′
Φ
+ 3
4
(
Φ ′
Φ
)2)(
−3
2
Φ ′
Φ
)
+ 5
(
−3
2
Φ ′
Φ
)(
−3
2
Φ ′′
Φ
+ 15
4
(
Φ ′
Φ
)2)
= 3
(
−3
2
Φ ′′′
Φ
+ 45
4
Φ ′′Φ ′
Φ2
− 105
8
(
Φ ′
Φ
)2)
,
which simpliﬁes to the equation Φ ′′′ = 0. Therefore, Φ = (ϕ′)−2 must be a polynomial of at most second degree. 
Finally we state and prove our main theorem.
Theorem 5. The equality Mϕ = Lψ holds if and only if
(i) either there exist real constants a,b, c,d with ac = 0 such that
ϕ(x) = ax+ b and ψ(x) = cx+ d (x ∈ I); (15)
(ii) or there exist real constants a,b, c,d with ac = 0, and q /∈ I such that
ϕ(x) = a√|x− q| + b and ψ(x) = c√|x− q| + d (x ∈ I); (16)
(iii) or there exist real constants a,b, c,d with ac = 0, and q /∈ I such that
ϕ(x) = a ln |x− q| + b and ψ(x) = c
(x− q)2 + d (x ∈ I); (17)
(iv) or there exist real constants a,b, c,d, p,q with ac = 0 and p > 0 such that
ϕ(x) = a arsinh(p(x− q))+ b and ψ(x) = c(x− q)√
1+ p2(x− q)2 + d (x ∈ I); (18)
(v) or there exist real constants a,b, c,d, p,q with acp = 0, and p(I − q) ⊆ ]1,∞[ such that
ϕ(x) = a arcosh(p(x− q))+ b and ψ(x) = c(x− q)√
p2(x− q)2 − 1 + d (x ∈ I); (19)
(vi) or there exist real constants a,b, c,d, p,q with ac = 0, p > 0, and p(I − q) ⊆ ]−1,1[ such that
ϕ(x) = a arcsin(p(x− q))+ b and ψ(x) = c(x− q)√
1− p2(x− q)2 + d (x ∈ I). (20)
Proof. As we have proved in Theorem 4, Φ = (ϕ′)−2 is positive polynomial of at most second degree on I , i.e., there exist
real constants α,β,γ such that
Φ(x) = αx2 + βx+ γ > 0 (x ∈ I).
Using also (9), for some σ ∈ {−1,1} and δ = 0, it follows that,
ϕ′(x) = σ√
αx2 + βx+ γ and ψ
′(x) = δσ√
(αx2 + βx+ γ )3 (x ∈ I). (21)
We distinguish six cases:
Case (i): α = β = 0, γ = 0. Then ϕ′ and ψ ′ are constant functions, therefore ϕ(x) = ax + b, and ψ(x) = cx + d for some
constants a,b, c,d with ac = 0. In this case Mϕ and Lψ are equal to each other and they are also equal to the arithmetic
mean.
Case (ii): α = 0, β = 0. Then, with the notations
q := −γ
β
, a := 2σ√|β| , c :=
2δσ√|β|3 ,
we get
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(
x+ γ
β
)
= β(x− q) = |β||x− q| = 4
a2
|x− q| > 0 (x ∈ I).
Hence q /∈ I and we can write (21) as
ϕ′(x) = a
2
√|x− q| and ψ
′(x) = − c
2
√|x− q|3 .
It easily follows by integration that now the alternative (ii) of the theorem holds.
Conversely, assume that ϕ and ψ are given by (16) and suppose that q  inf I (the case q  sup I is completely analo-
gous). Then, for x, y ∈ I with x = y, we have
Mϕ(x, y) =
(√
x− q + √y − q
2
)2
+ q
and
Lψ(x, y) =
(
1
y − x
y∫
x
dt√
t − q
)−2
+ q =
(
2(
√
y − q − √x− q )
y − x
)−2
+ q =
(√
x− q + √y − q
2
)2
+ q,
proving the equality of the means Mϕ and Lψ if (ii) holds.
We note that in the case q = 0, the Mϕ and Lψ are equal to the power mean of exponent 1/2.
Case (iii): α > 0, β2 = 4αγ . Then, with the notations
q := − β
2α
, a0 := σ√
α
, c0 := δσ
2
√
α3
,
we get
αx2 + βx+ γ = α
(
x+ β
2α
)2
= α(x− q)2 = 1
a20
(x− q)2 > 0 (x ∈ I).
Hence q /∈ I and we can write (21) as
ϕ′(x) = a0|x− q| =
a
x− q and ψ
′(x) = − 2c0|x− q|3 = −
2c
(x− q)3 (x ∈ I),
where a := a0, c := c0 if q  inf I and a := −a0, c := −c0 if q  sup I . By integration, the alternative (iii) of the theorem
follows.
Conversely, assume that ϕ and ψ are now given by (17) where ac = 0 and q /∈ I . Then, for x, y ∈ I with x = y, we have
Mϕ(x, y) = exp
(
ln |x− q| + ln |y − q|
2
)
+ q =√(x− q)(y − q) + q
and
Lψ(x, y) =
(
1
y − x
y∫
x
dt
(t − q)2
)− 12
+ q =
( 1
x−q − 1y−q
y − x
)− 12
+ q =√(x− q)(y − q) + q,
which again shows the equality of the means Mϕ and Lψ if (iii) holds.
Observe that in the case q = 0, the means Mϕ and Lψ are equal to the geometric mean.
Case (iv): α > 0, β2 < 4αγ . Deﬁning
q := − β
2α
, p := 2α√
4αγ − β2 , a :=
σ√
α
, c := 8δσ
√
α3√
(4αγ − β2)3 ,
we get
αx2 + βx+ γ = α
(
x+ β
2α
)2
+ 4αγ − β
2
4α
= 1
a2p2
(
p2(x− q)2 + 1)> 0 (x ∈ I).
Hence we can rewrite (21) as
ϕ′(x) = ap√
1+ p2(x− q)2 and ψ
′(x) = c√
(1+ p2(x− q)2)3 (x ∈ I).
By integration, the alternative (iv) of the theorem follows.
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sinh
(
t
2
)
= sign(t)
√
cosh(t) − 1
2
, sinh
(
arsinh(t)
)= t, cosh(arsinh(t))=√1+ t2 (t ∈ R)
and the addition formula of the cosh function, for u, v ∈ p(I − q), we get
p
(
Mϕ
(
u
p
+ q, v
p
+ q
)
− q
)
= sinh
(
arsinh(u) + arsinh(u)
2
)
= sign(arsinh(u) + arsinh(v))
√
cosh(arsinh(u) + arsinh(v)) − 1
2
= sign(u + v)
√
uv + √1+ u2√1+ v2 − 1
2
.
On the other hand,
ψ−1(ct + d) = t√
1− p2t2 + q
(
t ∈ 1
c
(
ψ(I) − d)⊆ ]− 1
p
,
1
p
[)
and, for x, y ∈ I with x = y,
1
y − x
y∫
x
ψ(t)dt = c
y − x
y∫
x
t − q√
1+ p2(t − q)2 dt + d = c
√
1+ p2(y − q)2 −√1+ p2(x− q)2
p2(y − x) + d
= c (x− q) + (y − q)√
1+ p2(x− q)2 +√1+ p2(y − q)2 + d.
Therefore, for u, v ∈ p(I − q) with u = v ,
p
(
Lψ
(
u
p
+ q, v
p
+ q
)
− q
)
= u + v√
(
√
1+ u2 + √1+ v2)2 − (u + v)2
= u + v√
2
√√
1+ u2√1+ v2 + 1− uv
= (u + v)
√√
1+ u2√1+ v2 − 1+ uv√
2
√
(1+ u2)(1+ v2) − (1− uv)2 =
(u + v)
√√
1+ u2√1+ v2 − 1+ uv√
2
√
(u + v)2
= sign(u + v)
√
uv + √1+ u2√1+ v2 − 1
2
.
Thus, combining the above results, we get the identity
p
(
Mϕ
(
u
p
+ q, v
p
+ q
)
− q
)
= p
(
Lψ
(
u
p
+ q, v
p
+ q
)
− q
) (
u, v ∈ p(I − q)),
which yields the equality of the means Mϕ and Lψ provided that (iv) holds.
Case (v): α > 0, β2 > 4αγ . Deﬁning
q := − β
2α
, p0 := 2α√
β2 − 4αγ , a0 :=
σ√
α
, c := − 8δσ
√
α3√
(β2 − 4αγ )3 ,
we get
αx2 + βx+ γ = α
(
x+ β
2α
)2
− β
2 − 4αγ
4α
= 1
a20p
2
0
(
p20(x− q)2 − 1
)
> 0 (x ∈ I).
Hence, |p0(x − q)| > 1 must be valid for all x ∈ I . This implies that q /∈ I . Set p := p0, a := a0 in the case q  inf I and
p := −p0, a := −a0 if q sup I . Then p(I − q) ⊆ ]1,∞[ holds and we can rewrite (21) as
ϕ′(x) = ap√
p2(x− q)2 − 1 and ψ
′(x) = − c√
(p2(x− q)2 − 1)3 (x ∈ I).
By integration, the alternative (v) of the theorem follows.
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cosh
(
t
2
)
=
√
cosh(t) + 1
2
(t ∈ R); sinh(arcosh(t))=√t2 − 1, cosh(arcosh(t))= t (t > 1)
and the addition formula of the cosh function, for u, v ∈ p(I − q) ⊆ ]1,∞[, we get
p
(
Mϕ
(
u
p
+ q, v
p
+ q
)
− q
)
= cosh
(
arcosh(u) + arcosh(u)
2
)
=
√
cosh(arcosh(u) + arcosh(v)) + 1
2
=
√
uv + √u2 − 1√v2 − 1+ 1
2
.
On the other hand,
ψ−1(ct + d) = t√
p2t2 − 1 + q
(
t ∈ 1
c
(
ψ(I) − d)⊆ ]−∞,− 1|p|
[
∪
]
1
|p| ,∞
[)
and, for x, y ∈ I with x = y,
1
y − x
y∫
x
ψ(t)dt = c
y − x
y∫
x
t − q√
p2(t − q)2 − 1 dt + d = c
√
p2(y − q)2 − 1−√p2(x− q)2 − 1
p2(y − x) + d
= c (x− q) + (y − q)√
p2(x− q)2 − 1+√p2(y − q)2 − 1 + d.
Therefore, for u, v ∈ p(I − q) ⊆ ]1,∞[ with u = v ,
p
(
Lψ
(
u
p
+ q, v
p
+ q
)
− q
)
= u + v√
(u + v)2 − (√u2 − 1+ √v2 − 1)2
= u + v√
2
√
1+ uv − √u2 − 1√v2 − 1
= (u + v)
√
1+ uv + √u2 − 1√v2 − 1√
2
√
(1+ uv)2 − (u2 − 1)(v2 − 1) =
(u + v)
√
1+ uv + √u2 − 1√v2 − 1√
2
√
(u + v)2
=
√
uv + √u2 − 1√v2 − 1+ 1
2
.
Thus we obtain
p
(
Mϕ
(
u
p
+ q, v
p
+ q
)
− q
)
= p
(
Lψ
(
u
p
+ q, v
p
+ q
)
− q
) (
u, v ∈ p(I − q)),
which implies the equality of the means Mϕ and Lψ provided that (v) holds.
Case (vi): α < 0. Then Φ(x) = αx2 + βx+ γ < 0 for large x, hence, by the nonemptiness of I , the polynomial Φ has two
real zeros. Consequently, the discriminant of Φ is positive, i.e., we have β2 > 4αγ .
Deﬁning
q := − β
2α
, p := − 2α√
β2 − 4αγ , a :=
σ√−α , c :=
8δσ
√−α3√
(β2 − 4αγ )3 ,
we get
αx2 + βx+ γ = α
(
x+ β
2α
)2
− β
2 − 4αγ
4α
= 1
a2p2
(
1− p2(x− q)2)> 0 (x ∈ I).
Hence |p(x− q)| < 1 must be valid for all x ∈ I , which implies p(I − q) ⊆ ]−1,1[. Now we can rewrite (21) as
ϕ′(x) = ap√
1− p2(x− q)2 and ψ
′(x) = c√
(1− p2(x− q)2)3 (x ∈ I).
By integration, the alternative (vi) of the theorem follows.
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sin
(
t
2
)
= sign(t)
√
1− cos(t)
2
(t ∈ R); sin(arcsin(t))= t, cos(arcsin(t))=√1− t2 (t ∈ ]−1,1[)
and the addition formula of the cos function, for u, v ∈ p(I − q), we get
p
(
Mϕ
(
u
p
+ q, v
p
+ q
)
− q
)
= sin
(
arcsin(u) + arcsin(u)
2
)
= sign(arcsin(u) + arcsin(v))
√
1− cos(arcsin(u) + arcsin(v))
2
= sign(u + v)
√
1+ uv − √1− u2√1− v2
2
.
On the other hand,
ψ−1(ct + d) = t√
1+ p2t2 + q
(
t ∈ 1
c
(
ψ(I) − d))
and, for x, y ∈ I with x = y,
1
y − x
y∫
x
ψ(t)dt = c
y − x
y∫
x
t − q√
1− p2(t − q)2 dt + d = c
−√1− p2(y − q)2 +√1− p2(x− q)2
p2(y − x) + d
= c (x− q) + (y − q)√
1− p2(x− q)2 +√1− p2(y − q)2 + d.
Therefore, for u, v ∈ p(I − q) with u = v ,
p
(
Lψ
(
u
p
+ q, v
p
+ q
)
− q
)
= u + v√
(
√
1− u2 + √1− v2)2 + (u + v)2
= u + v√
2
√
1+ uv + √1− u2√1− v2
= (u + v)
√
1+ uv − √1− u2√1− v2√
2
√
(1+ uv)2 − (1− u2)(1− v2) =
(u + v)
√
1+ uv − √1− u2√1− v2√
2
√
(u + v)2
= sign(u + v)
√
1+ uv + √1− u2√1− v2
2
.
Thus, combining the above results, we get the identity
p
(
Mϕ
(
u
p
+ q, v
p
+ q
)
− q
)
= p
(
Lψ
(
u
p
+ q, v
p
+ q
)
− q
) (
u, v ∈ p(I − q)),
which yields the equality of the means Mϕ and Lψ provided that (vi) holds. 
Remark 6. By the proof of the above theorem, we can see that the conclusion of Theorem 4 is not only suﬃcient for the
equality Mϕ = Lψ but it is also a suﬃcient condition.
If the interval I is the entire real line then the alternatives (ii), (iii), (v), and (vi) of Theorem 5 cannot hold because the
conditions q /∈ I , p(I − q) ⊆ ]1,∞[ and p(I − q) ⊆ ]−1,1[ cannot be true if I = R. Thus Theorem 5 immediately yields the
following corollary.
Corollary 7. Let I = R. Then the equality Mϕ = Lψ holds if and only if
(i) either there exist real constants a,b, c,d with ac = 0 such that
ϕ(x) = ax+ b and ψ(x) = cx+ d (x ∈ R);
(ii) or there exist real constants a,b, c,d, p,q with ac = 0 and p > 0 such that
ϕ(x) = a arsinh(p(x− q))+ b and ψ(x) = c(x− q)√
1+ p2(x− q)2 + d (x ∈ R).
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Lagrangian means.
Corollary 8. The Lagrangian mean Lψ is bisymmetric, i.e., Lψ satisﬁes the functional equation
Lψ
(
Lψ(x, y), Lψ(u, v)
)= Lψ (Lψ(x,u), Lψ(y, v)) (x, y,u, v ∈ I) (22)
if and only if
(i) either there exist real constants c,d with c = 0 such that
ψ(x) = cx+ d (x ∈ I);
(ii) or there exist real constants c,d with c = 0, and q /∈ I such that
ψ(x) = c√|x− q| + d (x ∈ I);
(iii) or there exist real constants c,d with c = 0, and q /∈ I such that
ψ(x) = c
(x− q)2 + d (x ∈ I);
(iv) or there exist real constants c,d, p,q with c = 0 and p > 0 such that
ψ(x) = c(x− q)√
1+ p2(x− q)2 + d (x ∈ I);
(v) or there exist real constants c,d, p,q with cp = 0, and p(I − q) ⊆ ]1,∞[ such that
ψ(x) = c(x− q)√
p2(x− q)2 − 1 + d (x ∈ I);
(vi) or there exist real constants c,d, p,q with c = 0, p > 0, and p(I − q) ⊆ ]−1,1[ such that
ψ(x) = c(x− q)√
1− p2(x− q)2 + d (x ∈ I).
Proof. The Lagrangian mean Lψ is symmetric, continuous and strictly increasing in each variable. Thus, if it is also bisym-
metric then, by Aczél’s characterization of two-variable quasi-arithmetic means [2], it has to be a quasi-arithmetic mean,
i.e., there exists ϕ ∈ CM(I) such that Lψ = Mϕ holds. Therefore, the statement directly follows from that of Theorem 5. 
An analogous corollary can be formulated using the characterization of Lagrangian means obtained by Berrone and
Moro [11].
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